A torus-covering T 2 -knot is a surface-knot of genus one determined from a pair of commutative braids. For a torus-covering T 2 -knot F , we determine the number of irreducible metabelian SU (2)representations of the knot group of F in terms of the Alexander polynomial of F . It is a similar result due to Lin for the knot group of a classical knot. Further, we investigate the number of irreducible metabelian SU (2)-representations using Fox's p-colorability.
Introduction
Let ρ be a representation of a group G. We call ρ a metabelian representation if ρ([G, G]) is abelian, where [G, G] is the commutator subgroup of G. We call ρ irreducible if it has no non-trivial invariant subspaces.
A (classical) link is the image of a smooth embedding of several circles into the 3-sphere S 3 . In particular, when it consists of one component, it is called a (classical) knot. The knot group of a knot is the fundamental group of the knot complement. Lin [13] studied irreducible metabelian SU (2)-representations of the knot group π 1 (S 3 \K) of a classical knot K, and showed the following result. Theorem 1.1 (Lin [13] ). Let K be a classical knot in S 3 . Then the number of conjugacy classes of irreducible metabelian SU (2)-representations of π 1 (S 3 \K) is |∆ K (−1)| − 1 2 . Here |∆ K (−1)| is the knot determinant of K, which is the absolute value of the Alexander polynomial ∆ K (t) of K with t = −1.
There are other researches that determine such a number for metabelian representations in terms of the knot determinant. The same statement with Theorem 1.1 holds true for irreducible metabelian SL(2, C)-representations of the knot group of a classical knot, due to Nagasato [14] . And Fukuda [6] studied irreducible metabelian SL(2, C)-representations of the knot group of a certain surface-knot called a branched twist spin, which is determined from a classical knot and a pair of integers.
In this paper, we investigate irreducible metabelian SU (2)-representations of the knot group of a surface-knot called a "torus-covering T 2 -knot". A surface-link is the image of a smooth embedding of a closed surface into the Euclidean 4-space R 4 . When it consists of one component, it is called a surface-knot. We assume that classical links/knots and surface-links/knots are oriented. Two classical links/knots or surface-links/knots are equivalent if they belong to the same isotopy class. In particular, an embedded torus is called a T 2 -knot. A torus-covering T 2 -knot is a T 2 -knot determined from a pair of classical commutative n-braids (a, b), called basis braids, which will be denoted by S n (a, b). For a braid a, the closure of a is the link/knot obtained from a by connecting each ith initial point and terminal point by a trivial arc. Theorem 1.2. Let F = S n (a, b) be a torus-covering T 2 -knot with basis n-braids (a, b) such that the closures of a and ab are knots. Then the number of conjugacy classes of irreducible metabelian SU (2)-representations of
is the Alexander polynomial of F .
We remark that π 1 (R 4 \S n (a, b)) is isomorphic to π 1 (R 4 \S n (b, a)) and π 1 (R 4 \S n (a, ab)); see Section 4.
Further we study our theme using Fox's p-coloring. Alexander polynomial is closely related to Alexander quandle coloring of a classical knot diagram or a surface-knot diagram, and |∆ K (−1)| or |∆ F (−1)| is closely related to Fox's p-coloring. We say that a classical knot or a surface-knot is p-colorable if it has a diagram which admits a non-trivial p-coloring such that the colors of arcs or sheets generate the dihedral quandle R p by the binary operation. For a braid a, we denote byâ the closure of a. Theorem 1.3. Let S n (a, b) be a torus-covering T 2 -knot with basis n-braids (a, b) such that the closures of a and ab are knots. If S n (a, b) is |∆â(−1)|colorable, then the number of conjugacy classes of irreducible metabelian
Let p be an odd prime. For a surface-knot F , we denote by |Col p (F )| the number of p-colorings of F . Theorem 1.4. Let S n (a, b) be a torus-covering T 2 -knot with basis n-braids (a, b) such that the closures of a and ab are knots. If S n (a, b) is p-colorable, and not q-colorable for q = p, then the number of conjugacy classes of irre-
Together with results in [17] , Theorem 1.4 implies the following corollary. Let p be an odd prime, and let n > 1 be an integer. Let c be an n-braid presented by an element of a subgroup of the n-braid group B n generated by p-powers σ p 1 , . . . , σ p n−1 of the standard generators such that cyclically, there is no σ ±2p i , andĉ is a knot. Put l = 2 (respectively, p) if n is odd (respectively, even). Let τ be a half-twist of n parallel strings. 
We remark that in this paper, we focus on SU (2)-representations, but, essentially by the same argument, our results hold true also for irreducible metabelian SL(2, C)-representations. See the argument in [6, 14, 15] .
The paper is organized as follows. In Section 2, we review Alexander polynomial for classical knots and surface-knots. In Section 3, we review a presentation of the knot group of a classical knot, using Artin's automorphism. In Section 4, we review torus-covering T 2 -knots and a presentation of the knot group of a torus-covering T 2 -knot. In Section 5, We review Lin's presentation of the knot group of a classical knot K, using a Seifert surface of K. In Section 6, we give Key Lemma and we show Theorem 1.2. In Section 7, we review quandle colorings and we show Theorems 1.3 and 1.4 and Corollary 1.5.
Alexander polynomial and Knot determinant
In this section, we review Alexander polynomial for classical knots and surface-knots [1, 3, 5, 10, 11, 12] .
, the Laurent polynomial ring. Let H be a finitely generated Λ-module. Then, since Λ is Noetherian, we have an exact sequence Λ n → Λ m → H → 0. A presentation matrix of H is the (n, m)-matrix representing the homomorphism Λ n → Λ m . Though presentation matrices of H are not unique, they are related by a finite sequence of the following operations. Let P be a presentation matrix.
(1) Permutation of rows or columns.
(2) Multiplication of a row or a column by a unit of Λ. 2.2. Fox calculus and Alexander matrix. We review Fox's free differential calculus. Let F m be a free group with m generators x 1 , . . . , x m . For each j ∈ {1, . . . , m}, there is a unique map ∂ ∂x j : F m → ZF m determined from the following conditions:
We denote by the same notation ∂/∂x j the induced ring homomorphism ZF m → ZF m , which is called the free derivative with respect to x j .
Let G be a group with a presentation with m generators x 1 , . . . , x m and n relations r 1 , . . . , r n such that G/[G, G] is an infinite cyclic group with the generator t, where [G, G] is the commutator subgroup. Let φ : F m → G be the projection, and let ψ : G → G/[G, G] be the Hurewicz homomorphism. We denote by the same notation φ and ψ the induced ring homomorphisms 3 ZF m → ZG and ZG → Z[t, t −1 ] = Λ, respectively. The Alexander matrix A(t) of G is given by
2.3. Alexander polynomial of a classical knot. Let K be a classical knot in S 3 . We denote by E the knot complement S 3 \K. Let π : E → E be the universal abelian covering, that is, the covering corresponding to the kernel of the Hurewicz homomorphism π 1 (E, * ) → H 1 (E; Z). The first homology group H 1 (E) acts on E as the covering transformation group. We regard H 1 ( E, π −1 ( * ); Z) as a Λ-module, which is called the Alexander module.
For a non-negative integer d, the dth elementary ideal of the Alexander module A is the Λ-ideal generated by the (m − d)-minors of A. We assume
The Alexander polynomial is the case d = 1. The Alexander polynomial is the first characteristic polynomial of the Alexander module. The Alexander polynomial is unique up to multiplication of units of Λ. The Alexander polynomial is computed using Fox calculus, as follows. We use the notation in Sections 2.1 and 2.2. Let A(t) be the Alexander matrix of a presentation x 1 , . . . , x m | r 1 , . . . , r n of π 1 (S 3 \K). Take an exact sequence
where f : Λ n → Λ m is presented by A(t), and g : Λ m → Λ is presented by (m, 1)-matrix (ψφ(x i ) − 1). The Alexander module is isomorphic to Cokerf , and hence the Alexander matrix A(t) is a presentation matrix of the Alexander module. Let ∆ K (t) be the Alexander polynomial of a knot K. The knot determinant is the absolute value of the number obtained from putting t = −1 in ∆ K (t), that is, |∆ K (−1)|. The knot determinant |∆ K (−1)| is the order of the first homology group of the double cover of S 3 branched over K.
2.4.
Alexander polynomial of a surface-knot. For a surface-knot, the Alexander polynomial is defined by the same way as in Section 2.3, where we denote by E the knot complement R 4 \F of a surface-knot F .
Presentation of the group of a classical knot in the form of the closure of a braid
In this section, we review a presentation of the group of the closure of a braid, using Artin's automorphism [3, 11, 12] . Let B n be the n-braid group, and let σ 1 , . . . , σ n be the standard generators of B n . Let F n be the fundamental group of the n-punctured disk, which is a free group of rank n. An n-braid can be considered as a homeomorphism of D n fixing ∂D n and permuting the punctures, and it gives rise to an automorphism of F n . This induces a homomorphism B n → Aut(F n ), which is faithful. We call the image of each braid Artin's automorphism, which will be denoted by A a for a braid a. The generator σ i acts on F n = x 1 , . . . , x n as follows:
By Alexander's theorem, any classical knot is presented by the closure of a classical braid, and the knot group of has the following presentation. This statement holds true also for a classical link. Lemma 3.1. Letâ be the link or knot presented by the closure of an n-braid a. Then π 1 (S 3 \â) has a presentation
Torus-covering T 2 -knots and their knot groups
In this section, we review a torus-covering T 2 -knot [16] . A torus-covering T 2 -knot is an embedded torus in the form of an unbranched covering over a standard torus, and it is determined from a pair of commutative braids, called basis braids. And the knot group has a presentation in terms of basis braids and Artin's automorphisms.
Let T be a torus standardly embedded in R 4 , that is, T is the boundary of an unknotted solid torus in
where π : N (T ) → T is the natural projection. In particular, when it is a surface-knot, it is called a torus-covering T 2 -knot.
By definition, a torus-covering T 2 -knot is a T 2 -knot: the image of an embedding of a torus. Let F be a torus-covering T 2 -knot. Let x 0 be a base point of T , and let µ and λ be a meridian and a longitude of T with the base point x 0 . A meridian and a longitude are oriented simple closed curves on T which are not null-homologous in T and satisfy the following; a meridian bounds the 2-disk of the solid torus whose boundary is T , and a longitude is null-homologous in the complement of the solid torus in R 3 × {0}. The condition that F is an unbranched cover over T implies that the intersections F ∩π −1 (µ) and F ∩π −1 (λ) are closures of classical braids in solid tori π −1 (µ) and π −1 (λ). Regarding that the solid tori are pasted at the 2-disk π −1 (x 0 ), we have a pair of braids, called basis braids.
For a torus-covering T 2 -link, the basis braids commute, and for any pair of commutative braids (a, b), there exists a unique torus-covering T 2 -link with basis braids (a, b). For a pair of commutative n-braids (a, b), we denote by S n (a, b) the torus-covering T 2 -link with basis n-braids (a, b).
The knot group of a torus-covering T 2 -knot has the following presentation. The following Lemma 4.2 holds true also for torus-covering T 2 -links. . Let S n (a, b) be a torus-covering T 2 -knot with basis n-braids (a, b). Then the knot group π 1 (R 4 \S n (a, b)) has a presentation
By Lemma 4.2, π 1 (R 4 \S n (a, b)) is isomorphic to π 1 (R 4 \S n (b, a)) and π 1 (R 4 \S n (a, ab)).
Seifert surface and Lin's presentation
In this section, we review Lin's presentation (Lemma 5.1), and we give a brief outline of the proof of Theorem 1.1 [13] . 5.1. Seifert surface and Lin's presentation. Let K be a classical knot in S 3 . A Seifert surface of K is a compact, connected, oriented surface S embedded in S 3 whose boundary is K. A spine of a Seifert surface S is a bouquet of circles in S such that it is a deformation retract of S, and half the number of circles is called the genus of S.
Let N (S) be a closed tubular neighborhood of S in S 3 . A Seifert surface S is said to be free if (N (S), Cl(S 3 \N (S)) is a Heegaard splitting of S 3 , and regular if it has a spine whose embedding in S 3 induced by S ⊂ S 3 is isotopic to the standard embedding, that is, it bounds several disks joined at the base point.
Let S be a free Seifert surface of K. Let W be a spine of S. Denote by a 1 , b 1 , . . . , a g , b g the oriented circles in W . We assume that W is in the interior of S, and we denote by * the base point of
We consider S 3 \(S × [−0.5, 0.5]). Since its closure is a handlebody, the fundamental group π 1 (S 3 \(S × [−0.5, 0.5]) is a free group. Choose a basis x 1 , . . . , x 2g of π 1 (S 3 \(S × [−0.5, 0.5])) with a base point ⋆ = { * } × {1}. Let α 1 , . . . , α 2g (respectively, β 1 , . . . , β 2g ) be words in x 1 , . . . , x 2g presenting the oriented circles a + 1 , . . . , a + g , b + 1 , . . . , b + g (respectively, the conjugate by c ′ of
, with the base point ⋆. We call α i and β i the induced words. A meridian is an oriented circle obtained from c by connecting the end points by c ′ . Lin [13] gave the following presentation.
Lemma 5.1 ([13] ). The knot group π 1 (S 3 \K) has a presentation
where g is the genus of a free Seifert surface S of K, x 1 , . . . , x 2g are a basis of π 1 (S 3 \S × [−0.5, 0.5]), and α i and β i are the induced words associated with S and its spine, and z is represented by a meridian of K.
Seifert matrix.
Before we see the proof, we review the notion of Seifert matrix.
Take a regular Seifert surface S with a spine W and a genus g. Let {α i , β i } be a set of the induced words of (S, W ). Denote by v i,j the sum of indices of x j in α i , and denote by u i,j the sum of indices of x j in β i . Let V = (v i,j ) 1≤i,j≤2g and U = (u i,j ) 1≤i,j≤2g . The Seifert matrix of S is the matrix V . It is known that U is the transposed matrix of U , that is, U = V T , and the Alexander polynomial ∆ K (t) is determined by ∆ K (t) = det(tV − V T ). In particular, ∆ K (−1) = det(V + U ). 6 5.3. Outline of the proof of Theorem 1.1. For a classical knot K, we consider the presentation given in Lemma 5.1,
The words α 1 , . . . , α 2g and β 1 , . . . , β 2g are the induced words coming from a regular Seifert surface of K. The generators x 1 , . . . , x 2g are commutators of π 1 (S 3 \K). Let ρ : π 1 (S 3 \K) → SU (2) be an irreducible metabelian representation. Up to conjugation, using simultaneous diagonalization, we assume that
where λ i (i = 1, . . . , 2g) is an element in the unit circle in C. This implies that ρ(zx i z −1 ) is also a diagonal matrix, and together with the condition that ρ is irreducible, it follows that we can assume that
We put these matrices into the relations of (5.1). Then λ 1 , . . . , λ 2g satisfy the equations
for the Seifert matrix V . A non-trivial solution of (5.2), (λ 1 , . . . , λ 2g ) = (1, . . . , 1), corresponds to a non-zero solution of the following equations
Contrarily, a non-trivial solution of (5.2), equivalently a non-zero solution of (5.3), produces an irreducible metabelian representation.
With an argument using linear algebra, the number of non-zero solutions of (5.3) is | det(V + V T ) | − 1. Together with the fact that det(V + V T ) = ∆ K (−1), we see that the number is
If (λ 1 , . . . , λ 2g ) is a non-trivial solution, (λ 1 , . . . ,λ 2g ) is also a non-trivial solution, but irreducible metabelian representations associated with this pair of solutions are conjugate. Further, the other non-trivial solutions are not conjugate with (λ 1 , . . . , λ 2g ). Thus, the number of irreducible metabelian representations is 1 2 (|∆ K (−1)| − 1). 6 . Key Lemma and the proof of Theorem 1.2 6.1. Key Lemma. As a preliminary of our Key Lemma (Lemma 6.1), we give the Seifert surface associated with the closure of a braid. Seifert gave an algorithm to construct a regular Seifert surface as follows. A diagram of a knot K is the image of K by a generic projection onto R 2 such that at each crossing, it is equipped with over/under information. Let D be a diagram of K in R 2 . In a neighborhood of each crossing of D, we change the diagram in such a way that the resulting diagram consists of a finitely many disjoint oriented circles in R 2 such that the circles have orientations induced from D. We call the resulting oriented circles Seifert circles.
We consider oriented disks in the xy-plane R 2 which bounds Seifert circles. We deform these disks into mutually disjoint disks by pushing them into parallel planes with mutually distinct height in the z-axis, and, to the disks, we attach half-twisted bands each of which corresponds to a crossing. The union of disks and bands form a regular Seifert surface.
In particular, when we consider the closure of an n-braid, we take the associated Seifert surface in such a way as follows. First we take n copies of disks bounding the closure of the trivial n-braid such that the ith disk is under the (i + 1)th disk with respect to the z-axis. Then, to the disks, we attach half-twisted bands each of which corresponds to a crossing of the braid, presented by σ j or σ −1 j (j ∈ {1, . . . , n − 1}). The resulting surface consisting of the disks and bands is a regular Seifert surface, which will be called the Seifert surface associated with the closure of a braid. See Fig. 1 . Figure 1 . The Seifert surface associated with the closure of a braid. Lemma 6.1. Let S n (a, b) be a torus-covering T 2 -knot with basis n-braids (a, b) such that the closures of a and ab are knots. Let S a and S ab be the Seifert surfaces associated with the closures of a and ab, respectively, and let W a and W ab be spines of S a and S ab such that W a ⊂ W ab when we identify a with a ⊂ ab.
Then, the knot group π 1 (R 4 \S n (a, b)) has a presentation x 1 , x 2 , . . . , x 2g , y 1 , . . . , y 2g+2h , z
.
where g and g+h are genera of S a and S ab , respectively, and α i and β i are the induced words associated with (S a , W a ), and α ′ i and β ′ i are the induced words associated with (S ab , W ab ), respectively, and z is represented by a meridian of a or b.
Proof. We put presentations as follows: 1, 2, . . . , 2g, . . . , 2g + 2h ) , 1, 2 , . . . , n − 1) . By Lemma 4.2, the knot group of S n (a, b) is isomorphic to G ′ , which is the knot group of S n (a, ab). Hence it suffices to show that G ′ is isomorphic to G.
Since G ′ i is isomorphic to G i (i = 1, 2), G ′ is isomorphic to the group G ′′ with generators x 1 , . . . , x 2g , z, and y 1 , . . . , y 2g+2h , w, and s 1 , . . . , s n−1 , and relations of G 1 and G 2 and other relations. For the basis braids (a, ab) of S n (a, ab), we call a the meridian braid, and we call ab the longitude braid, respectively. We denote the meridian braid by a 1 , and the longitude braid by a 2 b, where a 1 = a 2 = a. An oriented loop x in R 4 \S n (a 1 , a 2 b) in a neighborhood of the meridian braid a 1 moves to an oriented loop x ′ in a neighborhood of the longitude braid a 2 b by an ambient isotopy of R 4 \S n (a 1 , a 2 b) such that we can identify a 1 and x with a 2 and x ′ . Since we take the spines W a 1 and W a 2 b to satisfy W a 1 ⊂ W a 2 b when we identify a 1 with a 2 , we see that in G ′′ , x 1 = y 1 , . . . , x 2g = y 2g , and z = w.
In G ′′ , s i is generated by x 1 , . . . , x 2g , z, and y 1 , . . . , y 2g+2h ; hence we see that G ′′ ∼ = G ′ is a quotient group of G. In order to show that G ′ is isomorphic to G, it suffices to show that the relations of G are enough to give the relations of G ′ . We see that G gives the generators and relations of G ′ 1 and G ′ 2 . Hence it suffices to show that s i = t i (i = 1, . . . , n). It suffices to show that s i is presented only by x 1 , . . . , x 2g and z. Then, s i = t i follows by the same argument with which we showed that in G ′′ , x 1 = y 1 , . . . , x 2g = y 2g , and z = w.
We show that s i is presented only by x 1 , . . . , x 2g and z. We deform a as cc −1 a, where c = σ 1 σ 2 · · · σ n−1 . We take x 1 , . . . , x n−1 as the oriented loops such that x i is a loop around a twisted band corresponding to σ i in c (i = 1, . . . , n − 1), as shown in Fig. 2 . Since z is a meridian, we take z = s 1 . Then, s −1 1 s 2 = x 1 , hence s 2 = zx. By the same argument, we have s −1 i s i+1 = x i , and s 1 , . . . , s n−1 are presented by x 1 , . . . , x 2g and z. Thus
x2 a Proof. We consider the presentation given in Lemma 6.
is the sum of indices of x j in α i and β i (respectively, y j in α ′ i and β ′ i ). By the same argument as in the proof of 
where each of two copies of I is the unit (2g, 2g)-matrix. By elementary transformations on rows for an integer matrix, the matrix in (6.1) is transformed to the form B ′′ O , where B ′′ is a square matrix. We remark that since | det(B) | and | det(B ′ ) | are knot determinants of the closures of a and ab, respectively, det(B) det(B ′ ) is an odd integer, and so is det(B ′′ ). We consider solutions of (6.1) modulo | det(B ′′ )|, and by the argument in Section 5.3, the number of irreducible metabelian SU (2)-representations in question is (| det(B ′′ )| − 1)/2. Let A(−1) be the matrix obtained from putting t = −1 in the Alexander matrix A(t) of the presentation given in Lemma 6.1. Considering Fox calculus, A(t) is the matrix obtained from the (6g + 2h, 4g + 2h)-matrix in (6.1) by changing B and B ′ to matrices with a variable t, B(t) and B ′ (t), respectively, and by an addition of the zero vector as the (4g + 2h + 1)st column (up to permutations of rows and columns) such that B(−1) and B ′ (−1) are the original B and B ′ in (6.1). Thus we see that det(B ′′ ) is the greatest common divisor of the (4g + 2h)-minors of A(−1) (up to signs), and hence | det(B ′′ )| = |∆ F (−1)|. Thus the number of irreducible metabelian SU (2)-representations in question is (|∆ F (−1)| − 1)/2.
7.
Quandle colorings and proofs of Theorems 1.3 and 1.4 and Corollary 1.5
In this section, we review quandle colorings [2, 4, 7, 9] , and we show Theorems 1.3 and 1.4 and Corollary 1.5.
A quandle is a set X equipped with a binary operation * : X × X → X satisfying the following axioms.
(1) (Idempotency) For any x ∈ X, x * x = x.
(2) (Right invertibility) For any y, z ∈ X, there exists a unique x ∈ X such that x * y = z. (3) (Right self-distributivity) For any x, y, z ∈ X, (x * y) * z = (x * z) * (y * z). Let K be a classical knot and let F be a surface-knot. We review quandle colorings for K or F . Let D be a diagram of K or F . Here, for F , we have its diagram by a method similar to have a diagram of K, as follows. We take the image of K or F by a generic projection to R 2 or R 3 . In order to equip the image with crossing information, we break an under-arc or an undersheet into two pieces around a crossing or a double point curve. A diagram is the set consisting of resulting arcs or compact surfaces, which are called over-arcs/under-arcs, or simply arcs for K, and over-sheets/under-sheets, or simply sheets for F . For a diagram D, let B(D) be the set of arcs or sheets of D. An X-coloring for D is a map C : B(D) → X satisfying the coloring rule around each crossing or double point curve as shown in Fig. 3 . For an X-coloring C, the image of an arc or sheet by C is called the color.
x y
x*y
x y x*y Let p be an integer greater than one. The dihedral quandle R p is a set R p = Z/pZ with a binary operation x * y = 2y − x for x, y ∈ R p . And an Alexander quandle is a module over Λ = Z[t, t −1 ] with a binary operation
x * y = tx + (1 − t)y. The dihedral quandle R p is obtained from an Alexander quandle Λ by putting t = −1 and taking a quotient modulo p.
Let K and F be a classical knot and a surface-knot, respectively. The Alexander matrix of the knot group of K or F associated with an Alexander quandle coloring is obtained as follows. Let x 1 , x 2 , . . . , be colors of arcs or sheets of a diagram of K or F . At each crossing or double point curve, we have a quandle relation x i * x j = x k . Since we consider an Alexander quandle relation, we have an equation tx i + (1 − t)x j = x k , hence tx i + (1 − t)x j − x k = 0. Thus, we have a homogeneous system of linear equations, which is described by A(t) η = o, where η = (x 1 , x 2 , . . .) T , and A(t) is a matrix with a variable t. This operation corresponds to operating Fox calculus to the knot group with the Wirtinger presentation with relations x j x i x −1 j = x k or x −1 j x i x j = x k , and hence A(t) is the Alexander matrix. For a dihedral quandle R p , we call an R p -coloring a p-coloring. For a diagram D of a classical knot K or a surface-knot F , we denote by Col p (D) the set of p-colorings. We denote by |Col p (K)| or |Col p (F )| the number of the elements of Col p (D), which is invariant under diagrams of D. We say that a p-coloring of D is non-trivial if the colors of the arcs or sheets have at least two distinct colors. We say that K or F is p-colorable if it has a diagram D which admits a non-trivial p-coloring such that the colors of arcs or sheets generate R p by the binary operation * .
Let A(t) be the Alexander matrix of the knot group of K or F . Since R p is obtained from an Alexander quandle of K or F by putting t = −1 and taking modulo p, the set of solutions of A(−1) η = o modulo p has one-to-one correspondence with the set of p-colorings of K or F for a fixed diagram. Lemma 7.1. Let K and F be a classical knot and a surface-knot, respectively. Assume that K or F has diagram D with a p-coloring. Then, D admits a p-coloring C such that for a given color m and an arc or sheet α, C(α) = m.
Proof. We show the result for the case of a classical knot. The case of a surface-knot is the same. Let C 0 be the given p-coloring. Then, define C by C(β) = C 0 (β) − C 0 (α) (mod p), where β is an arc of D. Lemma 7.2. Let K and F be a classical knot and a surface-knot, respectively. If K or F has a non-trivial p-coloring, then K or F is q-colorable for a divisor q > 1 of p.
Proof. We show the result when K is not p-colorable. By assumption, we have a non-trivial p-coloring. By Lemma 7.1, we assume that there is an arc of a diagram of K with the color 0 (mod p). Then, since K is not pcolorable, the colors of D generate by the dihedral quandle operation * a proper subgroup G of the cyclic group Z/pZ. Since the p-coloring is nontrivial, G is a non-trivial group, and hence the order of G is a divisor q > 1 of p. Thus we have the required result. Lemma 7.3. Let K and F be a classical knot and a surface-knot, respectively. Assume that K or F is p-colorable, and let D be a p-colorable diagram. Then, there is a diagram D ′ of K or F which admits a p-coloring C such that for a given color m and an arc or sheet α, C(α) = m, and when we ignore α, the colors of arcs or sheets other than α generate R p .
Proof. We show the result for the case of a classical knot. The case of a surface-knot is the same. By Lemma 7.1, it suffices to show that there is a diagram D ′ with a p-coloring C such that when we ignore the color of any arc, the colors of the other arcs generate R p .
Since D is p-colorable, it admits a p-coloring C 0 such that the colors of arcs or sheets generate R p . Around a crossing, let α, γ be under-arcs and let β be the over-arc such that C(α) * C(β) = C(γ). Then, since C(α) = C(γ) * C(β), the color of an under-arc is generated by the colors of the other under-arc and the over-arc. For a crossing in the form of σ ǫ 1 (ǫ ∈ {+1, −1}), we deform it in the form of σ ǫ 1 σ ǫ 1 σ −ǫ 1 . Then, every over-arc is also an under-arc; see Fig. 4 . (In the case of surface-knots, we deform the sheets around a double point curve as follows. We regard a surface in 4-space as a sequence along time of its slices in 3-spaces, which are intersections of the surface with 3-spaces. This method is called a motion picture method [2, 10] . Over-and under-sheets around a double point curve are presented by a sequence of arcs forming a crossing, that is, by σ ǫ → σ ǫ , and we deform it to σ ǫ → σ ǫ 1 σ ǫ 1 σ −ǫ 1 → σ ǫ .) Thus, even after we ignore the color of any arc, the ignored color is recovered from the colors of the other arcs, and they generate R p . Proposition 7.4. Let K and F be a classical knot and a surface-knot, respectively. If K or F is p-colorable, then |∆ K (−1)| or |∆ F (−1)| is divisible by p.
Proof. First we consider the case of a classical knot K. Let A(t) be the Alexander matrix associated with an Alexander quandle coloring of a pcolorable diagram. For the case of a classical knot K, we consider its knot group and Lin's presentation as in Lemma 5.1. Then, by an argument similar to that in the proof of Theorem 1.2, by Fox calculus, we see that the Alexander matrix of Lin's presentation become (B o), by putting t = −1, where o is a zero vector, and B is a square matrix with | det B | = |∆ K (−1)|. Hence A(−1) is transformed to (B o) by a sequence of operations for presentation matrices.
We consider a homogeneous system of linear equations Put η = (η 1 , . . . , η n ) T . Then, we fix a variable η n by putting η n = 0, and we consider solutions of (7.1) modulo p. Suppose that p is an integer such that |∆ K (−1)| is not divisible by p. Then, by an argument using linear algebra, since p is not a divisor of 13 |∆ K (−1)| = | det B |, elements of any solution η 1 , . . . , η n−1 , η n = 0 of (7.1) are in a proper subgroup H of the cyclic group Z/pZ.
Then we consider elements of any solution η ′ 1 , η ′ 2 , . . . modulo p of A(−1) η ′ = o with one variable fixed. Elements of H are closed under addition and multiplication by an integer, and the dihedral quandle operation * . Since (B o) and A(−1) are related by a sequence of operations for presentation matrices, it follows that elements η ′ 1 , η ′ 2 , . . . in question are also in H. This contradicts Lemma 7.3. Hence |∆ K (−1)| is divisible by p.
Next we consider the case of a surface-knot F . We consider the knot group of F and the Wirtinger presentation G. Since there are generators and relations of G which form a presentation G ′ of a classical knot, we add to G generators and relations of Lin's presentation isomorphic to G ′ . Then, by Fox calculus, in the above argument for K, in this case for F , we have
where B ′ is a square matrix and | det B ′ | = |∆ F (−1)|. The rest of the argument is the same as the case of K, and we see that |∆ F (−1)| is divisible by p.
Using the argument as in the proof of Proposition 7.4, we have the following proposition. Proposition 7.5. Let K and F be a classical knot and a surface-knot, respectively. Let p be an odd prime. If K or F is p-colorable and not q-colorable for q = p, then |∆ K (−1)| = |Col p (K)|/p or |∆ F (−1)| = |Col p (F )|/p.
Proof. We show the result for the case of K. The case of F is the same. We consider the system of linear equations Proof of Theorem 1.4. The required result follows from Proposition 7.5 and Theorem 1.2.
Proof of Corollary 1.5. By [17, Sections 5 and 6], p-colorings of F = S n (c, τ lm ) are induced from those ofĉ, and are determined by the colors of the initial arcs of the braid c, which form a basis of the linear spaces Col p (ĉ) and Col p (F ). Hence, |Col p (F )| = |Col p (ĉ)| = p n . Moreover, by construction of c, we see that F is p-colorable, and not q-colorable for q = p. Thus, by Theorem 1.4, the number in question is (p n−1 − 1)/2.
